The fatigue crack growth (FCG) phenomenon generally exists in large mechanical structures. Due to the influences of varied kinds of random factors, the safety evaluation of structure in FCG is under great uncertainty. In this paper, based on the reliability theory, the limit state equations of fracture failure and static strength failure were derived firstly, and the parameters in those equations were regarded as random variables that follow the normal distribution or log-normal distribution. According to the limit state equations, the JC method (equivalent normalizing method) was used to calculate the reliability indexes under the different failure modes of structure in every stress cycle. Based on the reliability indexes and correlation of the two failure modes, the joint failure probability was obtained. In the end, a specific computation example was given, and the curve of joint failure probability in multiple failure modes was used for comparison with the result of single failure mode. The results indicated that the reliability analysis based on multiple failure modes was more reasonable, and the evaluation of reliability could be obtained in fatigue crack growth process.
Introduction
It is hard to avoid cracks or other defects in mechanical structure under the current manufacturing technical condition. In the meantime, influenced by mechanical load, environment temperature, and various corrosion, fatigue cracks always occur in metal construction [1] . However, the existence of cracks leads to serious hidden danger to the safety of the structure. In previous studies, the predictions of residual life were based on the calculation of fatigue crack growth rate model, which were derived from Paris formula [2] or Forman formula [3] . Nevertheless, in many cases, the inputs of those formulas follow different distributions. In this occasion, ideal results, which can reflect the true situation, are hard to obtain by traditional certainty analyzing methods [4] .
In order to solve this kind of uncertainty problems, Sankararaman et al. [5] present a methodology for uncertainty quantification and model validation in fatigue crack growth analysis. Zhang et al. [6] regard parameters and of Paris formula as random variables and then obtain the relation of those two variables through curve fitting; thus the crack growth rate can be calculated by a single variable.
What is more, the crack growth is also affected by the load; Dougherty et al. [7] develop a two-component crack growth model to treat fatigue crack growth under constant and variable amplitude loading, and the predicted crack growth agrees well with the experimental data. Liu et al. [8] put forward a new life prediction model which is based on crack growth formula, but, due to the complexity of computation, they only use the Monte Carlo method for calculation. To overcome the difficulties in the life-cycle reliability analysis of MSD, Kim et al. [9] adopt the Gaussian process (GP) response surface model for calculation, and the accuracy and advantages of the proposed method were verified by a number of experimental results and numerical examples. Zou and Yang [10] make an improvement in which the first-order second-moment method is used to calculate the reliability of structure, but the established model does not take the randomness of initial crack length into consideration, and, in practical engineering, the crack length plays an important role in the calculation of crack lifetime.
It should be noted that the current approaches for reliability analysis of structures with cracks are only based on fracture failure. However, as the crack grows, the residue cross section is getting smaller, which will reduce static strength. Because of the identical load and the change of crack length, fracture failure and static strength failure are correlated. Thus, only when considering the correlation of both failure modes can the failure probability be accurately obtained.
According to the above analysis and consideration, in this paper, main factors such as crack length of Paris formula were regarded as random variables. Firstly, the fracture failure reliability model and static strength failure reliability model were derived, considering the correlation of those two failure modes; then the correlation coefficient and joint failure probability expression were provided; next, the structure reliability indexes and joint failure probability were obtained by JC method. In the end, a specific computation example was given, and the curve of reliability indexes and failure probability in multiple failure modes were used for comparison with those in single failure mode.
Reliability Modeling

Reliability Modeling of Fracture
Failure. Current commonly used method to calculate crack growth rate is put forward by Paris and Erdogan, and its fundamental form is
where / represents the crack growth rate; and denote the material variables; Δ (Δ = Δ √ = √ ( max − min )) stands for stress intensity factor variation; is the crack length and is shape factor. and in port machine structure were obtained through experiment [11] .
Assume that the initial crack length is 0 , and under arbitrary stress cycle times , the crack length became
.
And max is given as follows:
The structure is destroyed by fracture failure when the value of max exceeds the value of fracture toughness ; thus we can get the limit state equation:
Reference [12] makes a statistical analysis of distribution of and , and the conclusion was that followed lognormal distribution and followed normal distribution.
Note that max is also a material property which follows lognormal distribution [13] . It should be pointed out that can be regarded as a constant for an infinite rectangular plate; however, if the rectangular plate is finite, is a variable which is influenced by the crack length and plate width : 
Theoretically, the value error of above formula is only 0.5%, when / ≤ 0.6.
Reliability Modeling of Static Strength Failure.
As the fatigue crack length grows, the section modulus is getting smaller, which will cause the decrease of static strength. Based on the normal strength failure equation, the limit state equation for yield failure mode can be obtained:
where represents the resistance of structure which can resist destruction; denotes the fatigue loads; is the yield stress; ( ) stands for section modulus.
Reliability Indexes Calculation by JC Method
In this section, JC method is used to calculate the reliability indexes. JC method has many advantages: it can take the distribution of variables in limit state equations 1 and 2 into account, and, what is more, the points obtained by linear method based on Taylor expansion locate in the failure hypersurface. The calculation accuracy of this method can meet the practical engineering needs. It is important to note that this method requires the variables to follow normal distribution. However, variables and follow the lognormal distribution; thus we must normalize these two variables before calculation. The requirement for normalization of JC method is that the cumulative distribution function and probability density function of and must be the same in design point * .
Then the mean value and standard deviation of normalized variables can be gotten.
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The calculation process of JC method is shown as follows ( and are mean value and standard deviation of variables):
(1) Chose the initial design point * ; generally we assume that * = .
(2) Normalize variables and in design point * , and use the new mean value and standard deviation to replace old ones.
(3) Calculate the direction cosine cos :
(4) Calculate the reliability index :
. (10) (5) Obtain the new design point * : * = + cos (11) (6) Repeat the above steps ((2)∼(5)) until the relative error of is in the allowable error scope.
Through the JC method, we can obtain the reliability indexes of 1 and 2 .
The Calculation of Failure Probability in Multiple Failure Modes
As mentioned above, the destruction of cracked structure is the result of both fatigue crack failure and static strength failure. In this section, how to calculate the failure probability in such multiple failure modes is presented. Assuming that these two failure modes are series systems, the joint failure probability by limit state equations 1 and 2 can be obtained:
It can be seen from formulas (4) and (6) that both failure modes are associated with crack length and the fatigue load ; thus the approximate computation of correlation coefficient is shown in the following formula:
Note that
is the correlation coefficient of 1 and 2 ; denotes variables square deviation and | stands for mean values.
Then use the reliability indexes 1 / 2 and correlation coefficient 1 , 2 to calculate the joint failure probability: Figure 1 shows the calculation process of joint failure probability. Joint failure probability P f12 
Numerical Example
In this section, an example is presented to justify the proposed method.
Example 1. Figure 2 shows a single edge cracked specimen, of which the material is Q235. The length = 800 mm, the width = 100 mm, and the thickness is = 1 mm. The mean and variation coefficient of variables are shown in Table 1 .
According to the information given in the example, the reliability indexes of crack failure and static strength failure can be calculated. Figure 3 shows the reliability indexes in different stress cycle times.
It can be seen from Figure 3 that as stress cycle time increases, both the reliability indexes reduce. From the aspect of single failure mode, when the value of stress cycle time is relatively small, the destruction of structure is more likely caused by crack failure. As cycle time increases, the reliability index of static strength failure drops rapidly; while > 3500000, the reliability index of crack failure exceeds the static strength failure's, and structure is more likely be damaged by static strength failure.
The joint failure probability curves varying with time are shown in Figure 4 . It can be seen from Figure 4 that failure probability increases with the stress cycle time; when stress cycle time reaches 3500000, the joint failure probability increases rapidly. When is less than 3000000, the static strength failure probability is relatively low, and the joint failure probability is close to the crack failure probability. As increases (about 3500000), the static strength failure probability increases rapidly and gets close to the joint failure probability. It should be pointed out that the joint failure probability is always higher than probability in single failure mode. Therefore, compared with the existing methods which only consider the single failure mode, this relevant theoretical method is more accurate, secure, and reliable.
Summary
The analysis of reliability of cracked structure is very important. Since the destruction of cracked structure is the result of both fatigue crack failure and static strength failure, we calculate the joint failure probability under multiple failure modes and compare it to that under single failure mode. From the results some conclusions can be drawn:
(1) Reliability indexes decrease as the stress cycle time increases. At first, the reliability index of static strength failure is bigger than that of crack failure, and it is not until increases to a certain value that the crack failure reliability index surpasses the former. This result corresponds to the engineering experiences.
(2) The correlation of crack failure and static strength failure is considered, based on which the calculation result of failure probability is obtained. The result indicates that joint failure probability is always higher than that in single failure mode, and it shows that, compared with the existing methods which only consider the single failure mode, this relevant theoretical method is more secure and reliable.
Conflicts of Interest
The authors declare that they have no conflicts of interest.
